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In this paper, we present a fast computational model for the analysis of the plasmon modes in an array of metallic nanoparticles based
on an efficient integral formulation of the electromagnetic problem. The full matrix describing the integral operator is sparsified by an

SVD-based technique.

Index Terms—Edge elements, fast methods, integral equations, plasmon modes.

I. INTRODUCTION

tron oscillations localized at the surface of metal-dielectric
structures (e.g., [1] and [2]). Upon proper momentum phase-
matching, propagating SPP waves can resonantly couple to elec-
tromagnetic waves at optical frequencies or can be strongly lo-
calized at the interface of metal nanostructures over deep sub-
wavelength length scales.

The unique optical properties of surface plasmon polaritons
enable an ample range of applications from field-enhanced
optical sensing and manipulation to sub-wavelength guiding in
plasmonic waveguides [3]. In particular, metallic nanoparticle
arrays played an important role in the early days of plasmonics
and hold tremendous promise today for the development of
novel plasmonic structures [4], [5]. Therefore, accurate design
methods capable to accurately describe the complex plasmon
properties of large metal nanoparticle arrays are essential to
the development of plasmonics technology. Computational
methods, such as the discrete dipole approximation (e.g., [6])
and the finite-difference time domain (e.g., [7]), are widely
used. However, in order to more accurately study the spectral
properties of nanoparticle arrays frequency domain numerical
methods are preferable. In particular, 3-D spectral methods
enforcing the fundamental properties of the electromagnetic
fields are capable to describe appropriately the plasmon reso-
nant modes, as well as the electromagnetic field distribution
near and inside arbitrarily shaped nanoparticles.

In this paper, we introduce a frequency domain numerical
model based on the integral formulation of Maxwell equations
for the study of plasmon modes in arbitrary arrays of metallic
nanoparticles. The unknown is the induced current density dis-
tribution inside the nanoparticles. In analogy to the approach
presented in [8] and [9], the current density field is split as the
sum of a solenoidal and a non-solenoidal component. This kind
of splitting is essential to solve the problem over a range of fre-
quencies where the particle dimensions are much smaller than
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the electromagnetic field wavelength in the hosting dielectric.
The computational limits of this integral formulation are due
to the necessity of assembling, storing and inverting a full ma-
trix of large dimensions. We found very convenient to exploit
its low rank property, by applying an efficient SVD based recur-
sive scarification of the submatrices describing the interactions
of well-separated blocks of unknowns.

II. NUMERICAL MODEL

The numerical method here proposed for computing the field
solution of N interacting metal particles is a combination of
the numerical model [9] specifically developed for treating plas-
mons resonances, and the recursive SVD method (see [10]-[14]
and references therein), successfully applied for the fast iterative
computation of the electromagnetic field from integral models.
The resulting numerical method is flexible, in the sense that it
allows to analyze systems made by particles having, eventu-
ally, different shapes and not embedded onto regular grids, thus
making the method extremely versatile.

In this section, we briefly describe the numerical model and
the SVD strategy. We assume that i) the strength of the inci-
dent field E is weak in order to neglect nonlinear effects, and
ii) the size of the particle is much smaller than the wavelength
in the host material so that the generation of bulk charge oscil-
lations (bulk plasmons) is negligible. Under these assumptions,
the metallic nanoparticles are modeled as linear isotropic dielec-
tric objects with dielectric constant (w). Thus, the solution of
the electromagnetic problem is reduced to the evaluation of the
of the current density field distribution

| jw(e — €9)E(r) in
J(r) = {0, otherwise M

where ) = Ufle Qy, and Qy, is the region occupied by the h—th
particle of the array. The field J is solenoidal inside €2 and it is
solution of the following integral equation [8], [9]:
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where g is the free space Green function, 02 = Uf:;laﬁh, o0y,
is the boundary of €, 11 is the outward normal defined on 0f.
As in [8] and [9] we split the unknown J as the sum of two
components J = Jp + Jg, where J; and Jg are such that
VIr=V-Js=0inQ,J,-n=00n0NandJs-n # 0on
09). The term Jg is responsible of the free electric charge ac-
cumulation on the surface of the metallic nanoparticles. Specif-
ically, we represent J;, and Jg by means of the Whitney ele-
ments

I =Y Itwi 3)
k

Is=> Lw; “)
h

where w is the curl of the element shape function associated to
an edge in the interior of €2, whereas W,SL is the curl of an element
shape function associated to an edge lying on the boundary of
Q2. The selection of edge shape functions has been based on the
tree-cotree decomposition of the graph made by the edges and
nodes of the finite element mesh [15].

By applying the Galerkin method to (2), we obtain the fol-
lowing numerical model:
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It is worth noting that (5) is a linear system characterized by a
fully populated matrix (L). The solution of (5) becomes imprac-
tical by a direct method as the number of unknown grows be-
cause it requires a computational cost increasing as O(n?) and
a memory occupation increasing as O(n?), n being the number
of unknowns. The only manner to solve (5) is by using iterative
methods such as the GMRES and, consequently, it is manda-
tory to reduce the computational cost for evaluating the LI ma-
trix-vector product (it requires O(n?) operations by using the
standard matrix-vector product formula).

Fast matrix-vector product methods such as the FMM, SVD
and Precorrected FFT have been proved to be effective for
solving large scale problems. In this work, we used the SVD
based methods [10]—-[14] because of its capability to efficiently

r)dV. (10)
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handle situations where the geometry requires a mesh with
elements where one dimension is either significantly larger or
smaller than the others (particles having one or two dominant
dimensions). The SVD method is based on the idea that the
field evaluated in a region Vg produced by a set of s sources
(grouped in a different region Vs) can be described through
a linear operator having a rank r decreasing as the relative
separation between Vs and Vg is increased. Therefore an
off-diagonal block B of the matrix L (a block of this type
represents the interactions between sources in different regions)
can be described by means of a “low” rank QR factorization.
For example, if B is an m x s matrix, then B = QR where Q is
mxXr,Risr X s ; and 7 is the rank much smaller than s [12]. The
computational efficiency the QR factorization can be improved
by means of the modified Gram—Schmidt (MGS) procedure as
proposed in [10]. In [13], a strategy adapted from the adaptive
multilevel approach used to reduce the computational cost of
the FMM [14], has been introduced to improve the original
MGS QR-Factorization algorithm. In this strategy, a regular
grid consisting of cubic cells is superimposed to the finite
elements mesh. The contribution to the matrix L arising from
elements that belongs to non-adjacent cells is computed by
means of the MGS QR-factorization method. This procedure is
applied recursively by successive subdivision of each cell until
the number of elements, in a given cell, is smaller than a pre-
scribed threshold. Finally, the interactions among the elements
in this cell and its adjacent cells are computed directly. At the
end, by combining the MGS QR-factorization method and the
multilevel procedure, we obtain a computational cost for the LI
product that increases nearly as O(n). -

III. PLASMON MODES
The plasmon oscillations of the nanoparticle array
are the solutions of (5) in the electric quasi-static limit
w < (R R, )i S1/1L L, z)iiland g = g®, where g is the
static Green function. In this limit, (5) reduces to the system

1 ELL ELS lL — XL (11)
D+ R, | 1] T [Vs

jw(e—eo) [Rg,

where Q(O) is the matrix obtained by replacing g with ¢(® in
the matrix 2 defined by (9). Since the external electric field is
assumed to be almost uniform in each nanoparticle, it follows
that

(Vi) = / wi - EodV =0 12)
Q

therefore

ELLIL + ELSLS =0. (13)

This implies that the electric field is conservative in a weak form.
By using (6) and (13) from (11), we obtain

< A+ D<°>> <—> =&V
E—€0— Jw

-1
) ELS'

(14)

where

A=R_.-R. (R

= =SS =SL‘=LL (15)
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The plasmon modes are the solutions of the homogeneous

equation
< A+D@>I:Q
g — &

Thus, they are the eigenvectors of the eigenvalue problem

(16)

DU =AU (7

and the corresponding eigenfrequencies s are the solution of the
algebraic equation

A-1
A

e(s) =ep (18)
The matrices D(*) and A are symmetric and positive definite. As
consequences, the eigenvectors U are orthonormal with respect
to the scalar products WTAZ and WTD(O)Z, and the eigen-
values ) are positive. Furthermore, the eigenvalues verify the in-
equality 0 < A < 1.If the dielectric constant ¢ is complex (lossy
metals), the eigenfrequencies s are complex, too, s = v + iu.
Since 0 < A < 1 the natural modes exist only in the range of
frequency where the real part of the dielectric constant is nega-
tive. For instance, for the metals described by the Drude model,

we obtain
2
1 1 1
= A——-—, = —
v 4 (Twp>  H 2T

where w), is the plasma frequency and 7 is the relaxation time
of the conduction electrons.

The solution of (14) may be represented through the eigen-
vectors U 1 227 ..., U of the generalized eigenvalue problem

19)

Ng

L= anl,.

h

(20)

By substituting this expression in (14) and using (17), we obtain

€0
2
g —£&p

h

+ )\h> Agh = jweoVg. 2n

Since the eigenvectors U U ..., U are orthonormal with

=Ns
respect to the scalar product WTAZ from (21), we obtain
UTVS
+An

s(w) €0

= jweo (22)

The resonance frequency of the & — th mode, €2, is the fre-
quency minimizing the module of the denominator in (22). For
instance, for the metals described by the Drude model, we ob-

tain
2 2
1 1 1
Q = 2 — —_— = —_— .
h ’/h < 2 > wp )\h 2 (Twp > (23)

The 3-dB bandwidth of the response function is given by

2
1 1 1
AQL_ 1
F + - (TQ )

(24)
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Fig. 1. Dispersion diagram: First 100 eigenvalues of a nanoparticle periodic
chain with N = 145; + analytical and <> numerical evaluations.

In conclusion, once the eigenvalues and eigenvectors of the gen-
eralized eigenvalue problem (15) are known, we know all the
spectral properties of the plasmon modes.

IV. NUMERICAL RESULTS AND CONCLUSIONS

As benchmark cases, we have analyzed chains of spherical
nanoparticles with radius of 25 nm, aligned along the z-axis,
both equally spaced (periodic array) and modulated quasi-peri-
odically. The distance between the nanoparticle centers is 75 nm
in the periodic chain. The set of distances between adjacent
particles of the quasi-periodic array is composed of two values
dy = 75 nm and dg = 150 nm. The sequence of symbols
d4 and dp are generated according to the Fibonacci inflation
rule (e.g., [4]). The numerical model for 145 particles consists
of 296960 elements yielding to 55535 star type unknowns
[the component of the array 15 appearing in (17)] and 566225
loop type unknown [the component of the array I; computed
through (13)]. The leading number of eigenvalues is computed
by means of the Fortran Library ARPACK for the iterative
solution of large scale Eigenvalue Problems with Implicitly
Restarted Arnoldi Methods (http://www.caam.rice.edu/soft-
ware/ARPACK/) [16]. The AU matrix-vector product is
performed taking advantage of the sparseness of R, matrices

and their invariance for each nanoparticle. The D(O)Q full
matrix-vector product is sparsified using the approach [12]
described in the introduction, with 1.5 x 108 multiplications
instead of n? = 3 x 10°.

The solutions evaluated by the proposed method are com-
pared with analytical results obtained by using a simplified
model based on the point dipole approximation [4], [17]. In
order to compare the numerical results with those obtained
analytically, the plasmon eigenmodes are characterized by the
moments of the surface charges induced on the nanoparticle
surfaces.

In Fig. 1, the eigenvalues obtained numerically are compared
with those obtained analytically for a periodic array of 145
nanoparticles (Fig. 1). In Fig. 2, we show the distribution
along the chain of the dipole moments for the array of 145
nanoparticles obtained both numerically and analytically: in
Fig. 2(a), the dipole distribution corresponding to the first
mode and in Fig. 2(b), the dipole distribution corresponding to
the 53rd mode. The point of the dispersion curves where the
slopes change abruptly separates the modes that are polarized
longitudinally with respect to the chain axis, from the modes
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Fig. 2. (a) Dipole plasmon oscillations corresponding to the (a) first and
(b) 53rd eigenvalues of a nanoparticle periodic chain with N = 145 :
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Fig. 3. Dispersion diagram of the plasmon modes in a Fibonacci chain with
145 nanoparticles: + analytical and <> numerical evaluations.
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Fig. 4. Plot of the field for the first transversal mode for a regular chain of 35
nanoparticles.

that may be polarized either longitudinally or transversally.
Indeed, as expected analytically, the modes corresponding to
the lowest eigenvalues are polarized longitudinally with respect
to the chain axis: all the modes with h < 53. The dipole
distribution shown in Fig. 2(a) has longitudinal polarization,
while the dipole distribution shown in Fig. 2(b) has transverse
polarization. In Fig. 3 the first 100 eigenvalues of the Fibonacci
array with 145 nanoparticles, obtained both numerically and
analytically, are shown. A direct consequence of the quasi-pe-
riodicity is the appearance of gaps in the dispersion diagram,
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as originally predicted in [4]. Finally, in Fig. 4, is shown the
electric field for the first transversal mode (mode no. 13) for a
regular chain of 35 nanoparticles.

In conclusion, we have presented a fast computational model
for the 3-D analysis of the plasmon modes in array of metallic
nanoparticles with arbitrary geometry, based on an efficient inte-
gral formulation of the electromagnetic problem. The full matrix
describing the integral operator is sparsified by an SVD based
technique. The plasmon modes excited in periodic and quasi-pe-
riodic arrays have been analyzed and the results have been com-
pared with those obtained by the point dipole approximation [4],
[17].

Further work will be addressed to the following points. First
of all, by using the proposed method we shall analyze the
limit of the model based on the point dipole approximation,
by studying in depth the effects due to the high order dipole
moments. Second, we plan to simplify the numerical model
by identifying the meaningful dipole moments excited in the
nanoparticles in the frequency range of interest to upgrade
the point-dipole model. Finally, the effects of the dispersion
and losses due to radiations on the spectral properties of the
plasmon modes will be studied by generalizing the mode
analysis to the full wave model.
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